ABSTRACT
INTRODUCTION
Interrelationships among fat mass (FM), fat-free mass (FFM), total body mass (BM) and height have long been studied in relation to the body mass index, dieting and nutrition, to energy balance (e.g. Owen et al., 1986 Owen et al., , 1987 Thomas et al., 2010) , to health and to population differences. It is well known that body fat is associated with significant amounts of non-fat tissue involved in its mechanical and physiological support so that changes in FM are generally accompanied by changes in FFM leading to a correlation between them (e.g. Brožek, 1963; Burton, 2010 Burton, , 2012 . Chaston et al., 2007; Dixon et al., 2007; Forbes, 1987; Heymsfield et al., 2011 Heymsfield et al., , 2014 Keys and Brožek, 1953; Webster et al., 1984) . Quantifying normal relationships between FFM and FM may help one to judge whether loss of FFM becomes excessive and potentially hazardous during weight loss interventions (Chaston et al., 2007) .
A particular concern here is the change or difference in FFM associated with, and due to, a given change or difference in FM. Average values of their ratio, ΔFFM/ΔFM (here denoted KF), are estimated by regression analysis of data on FM, FFM and height for particular population samples. The same analysis simultaneously produces estimates of what has been denoted BMI0 (Hruschka et al., 2013) . This is the hypothetical mean BMI of the sampled individuals if they were fat-free. It does not correspond to malnutrition or starvation, but to extrapolation of FFM-FM relationships to a hypothetical fat-free condition. Mean BMI0 is potentially useful in comparing BMI-fatness relationships in populations of differing body build worldwide.
As discussed more fully below, various related regression methods have been used in the past for estimating sample means of ΔFFM/ΔFM, or else its equivalent, the percentage contributions of fat and lean tissue to BM differences (Burton, 2010 (Burton, , 2012 Garrow and Webster, 1985; Gray and Bauer, 1991; Heitmann and Garby, 1998; Hruschka et al., 2013; Mingrone et al., 2001; Webster et al., 1984) . The method of Burton (2010) Burton (2010) .
The derivation and details of the relevant equations are given under 'Materials and methods'. Development and validation of the necessary theory involved Monte Carlo modeling, the description of which is available in the Appendix. As some of the statistical procedures are novel, it is important to note that, tested on model data, they give correct estimates (or virtually correct estimates, given the inherent statistical variability) of the chosen, and therefore known, input parameters.
As implied above, the old method is inappropriate if taller individuals tend to carry more fat. Correlation coefficients for FM and height (rFM.height) of only 0.0-0.1 have been published for adults (Heymsfield et al., 2007; Larsson et al., 2006; Owen et al., 1986 Owen et al., , 1987 , but such low values may not always pertain. A sounder way of estimating mean KF and mean BMI0 is therefore needed.
The old and the new methods both call for a linear relationship between FM and FFM, with ΔFFM/ΔFM independent of FM. However, Forbes (1987) and others since (see 5 Discussion) have regarded FFM as varying in proportion to log(FM). This view has been challenged (Burton, 2010) , but remains an important issue to resolve.
The main points to be explored here are the estimation of mean KF and mean BMI0 using both new and published regression methods, the linearity of FFM-FM relationships, the correlation between FM and height and the possibility of differences between the sexes.
MATERIALS AND METHODS

Data
The data are from the National Health and Nutrition Examination Survey (NHANES)
for 1999-2006 (Centers for Disease Control and Prevention). Individuals self-identified as non-Hispanic (NH) white, NH Black and Mexican American. Men and women were treated separately. Pregnant women were excluded. FM was estimated by whole-body DXA scans, and FFM calculated as body mass (BM) minus FM. The data used are those for ages 20-50 years. They are published with weightings used to improve the estimation of nationwide statistics representative of the US, but that is not the objective of the present study and the use of weightings is not helpful here (Hruschka et al., 2013; Graubard, 1991, 1995) , especially as the six population subgroups are treated separately.
Statistics
Statistical analyses and modeling were carried out using 
Estimation of mean KF and mean BMI0
According to the algebraic model of Burton (2010 Burton ( , 2012 
The exact value of q makes little difference here (Burton 2012 ) so is taken as exactly two as in the BMI. The parameter H is then the same as BMI0, the BMI of a hypothetical fat-free person (Hruschka et al. 2013) . Accordingly,
In the 'old method' this was used as a regression equation to estimate KF and BMI0 (= H). 
(Recall that when any variable Y is regressed on another variable X and X is regressed on Y, the product of the two regression coefficients is the square of the correlation coefficient.)
Eqs. (4) and (5) would equal R 2 that allows BMI0 to be estimated using Eq (5).
Modeling shows that, for large sample sizes, the estimates {KF}4 and {BMI0}5 are almost exactly correct (i.e. with small SEs), but only if KF is the same for every individual.
Variation of KF around its mean results in underestimation of that mean and overestimation of mean BMI0. However, approximate corrections can be achieved by the following novel method. There are two stages to this, of which the first is estimation of the SD of KF, denoted {SDKF}x. (The 'x' refers, not to an equation, but to the procedure described next.)
In plots of FFM on FM (e.g. To understand the heteroscedasticity in simplistic terms, recall that FFM equals (FFMH + 
To minimize the SEs of {KF}'4, the sample sizes (n) of 1,028-2,037 were increased by reduplication of the original data set by arbitrary factors of 7 to 16, the exact numbers being unimportant. Only then was each FFM increased by addition of KG.FM.
RESULTS
[ Table 1 here] Estimates of mean KF and mean BMI0 obtained using regression equations (3) and (4) ({KF}3 and {BMI0}4) are respectively lower and higher than those obtained by the old method using regression Eq. (2), which are shown at the foot of 
DISCUSSION
The main conclusion is that mean KF and mean BMI0 can be estimated for population samples by a new regression method, involving Eqs. (4) and (5) Fundamental to the modeling and statistical analysis is the assumption that FM and FFM are linearly related. Figure 1 shows that there is little if any systematic departure from linearity, but there is a contrary and influential view in the literature that the relationship is semi-logarithmic. These issues are discussed below, as well as previous research on FM-FFM relationships, differences between the sexes and the usefulness of BMI0 as a concept.
The linearity of the FM-FFM relationships
In contrast to the present findings (Figure 1 ), Forbes (1987) described what he interpreted as a semi-logarithmic relationship for 164 females aged 14-50 years and similar in height (156-170 cm). In terms of kg his fitted curve has the following formula: FFM = 23.9 log10(FM) + 14.2.
However, the subjects included 12 with anorexia nervosa, which would presumably have reduced FFMH as well as reducing FFMF. The relationship for the other subjects, given their small number (152), is not convincingly non-linear (Gray and Bauer,1991) and there is much contrary evidence (Burton, 2010; Heitmann and Garby, 1998) . Nevertheless, the semilogarithmic nature of the relationship has been accepted by some later authors. Broyles et al. However, the scatter in those four relationships and the limited ranges of FM and FFM make it unclear whether the relationships are best seen as linear or semi-logarithmic. Thomas et al. (2010) 
The correlation between FM and height
As noted in the Introduction, previous evidence has suggested that rFM.height is typically 0-0.1. Moreover, it is 0.10 for data of Johnson (1996.) for 251 men. In contrast, Table 1 shows values of 0.12-0.33, which are all higher, as are the 95% CIs for the men. That they are lower for the women (0.12-0.14) than for the men (0.17-0.33) is unsurprising given that the FMs of women tend to be more variable. As can be shown by modeling and is illustrated by the real data, the errors associated with the old method, i.e. using Eq. (2), increase with rFM.height and are high enough to invalidate that method.
Other regression methods in the literature
A number of other regression equations have been published from which mean KF may be estimated, including: BM/height 2 on FM/height 2 (Webster et al., 1984) ; FM/height 2 on BM/height 2 (Davies et al., 2001; Garrow and Webster, 1985; Gray and Fujioka, 1991) ; FFM on FM (Gray and Bauer, 1991) ; FFM on log(FM) (Mingrone et al., 2001 ). These, and others, have been discussed by Burton (2010) . Of these authors only Gray and Bauer (1991) expressed their results as ratios equivalent to ΔFFM/ΔFM. Others did so in terms of percentage contributions of fat and lean tissue to BM differences. Davies et al. (2001) and Gray and Fujioka (1991) (7) and the same data set as used by Webster et al. (1984) .
Here KF may be calculated from the correlation coefficient, r, and the regression coefficient, Burton (2012) regressed FFM/height 2 on FM/height 2 and also applied Eq. (2), using data for 59 men (Owen et al., 1987) and 31 women (Owen et al., 1986) . The estimates of mean KF from both methods were 0.50 for the men and 0.38 for the women. The correlation coefficients, rFM.height, were not significant (i.e. 0.08 and 0.07 respectively). The values of {KF}*, calculated subsequently, are 0.44 for the men and 0.37 for the women. Regardless of significance levels, this fits the expectation that {KF}2 and {KF}* should be similar when rFM.height is low.
Comparison of the sexes
The above studies of Gray and Fujioka (1991) , Heitmann and Garby (1998) , Gray and Bauer (1991) and Burton (2012) , all indicate that mean KF is higher in men (0.44-0.50) than in women (0.25-0.38), although, as noted, two of the pairs of estimates may have been affected by unknown correlations between FM and height. Regarding the present data (Table   1) , {KF}* is higher in men (0.54 and 0.56) than in women (0.42 and 0.43) for the nonHispanic African and European Americans, but not for the Mexican Americans. Applying Eq. (2) to their New Zealand samples, Hruschka et al. (2013) found {KF}2 to be slightly higher in the women (0.43) than in the men (0.40). Both would be over-estimates if there were significant correlations between FM and height. In conclusion, there seems to be no clear general difference between the sexes in regard to KF. Further evidence on possible differences between the sexes is discussed under the next heading, but it is again indecisive.
Evidence obtained from changes in body composition
Much of the evidence that FFM tends to change with FM has been obtained from alterations in body composition consequent on changes in nutrition, a topic usefully reviewed by Heymsfield et al. (2014) . Chaston et al. (2007) Table 1 and some very different. The very low calorie diets produced more rapid loss of BM and it was suggested that a longer time would have been needed for attainment of a stable state.
Indeed, the duration of such experiments generally may not always allow complete adjustment of FFM (Heymsfield et al., 2011 ).
Burton (2010) tabulated four mean values of KF calculated from published changes in obese individuals on restricted diets that were excluded by Chaston et al. (2007) and for these the values were 0.21-0.56 (9-26 subjects per group). Also tabulated were results from three other studies on men involving overfeeding, these being 0.5, 0.54 and 0.65 (8-24 subjects per group) -results similar to {KF}* in Table 1 .
Regarding possible sex differences, Chaston et al. (2007) tabulated fewer results for men than for women. However, the authors noted that "there was a tendency for higher mean %FFML in cohorts of men (27 + 7%) when compared with women (20 + 8%, P = 0.08)".
Those means correspond to KF values of 0.37 and 0.25 respectively. One may compare just the mean values of KF that were paired for men and women, these being based on measured changes in obese individuals on restricted diets, but Chaston et al. (2007) reported few examples. Of these Burton (2010) tabulated the following paired values, for men and women respectively: 0.29 and 0.14 (Leenen et al., 1993) ; 0.39 and 0.31 (Hoie et al., 1993) ; 0.33 and 0.16 (Kockx et al., 1999) . The statistical significance of the differences is not known.
Most clearly relating to the present study are the results of Heitmann and Garby (2002) based on long-term non-experimental changes; for 611 women mean KF was 0.31 and for 636 men it was 0.50.
Relevance of BMI0
The estimated mean values of BMI0, the BMIs of hypothetical fat-free subjects, apply to population samples. They can only be estimated for individuals by assuming values of KF.
As expected, the estimates are all higher for men than for women, partly reflecting differences in muscularity (Hruschka et al., 2013) . They are increased by muscle building (Hruschka, et al., 2013) and must be affected by other factors that influence BMI, such as relative leg length (Bogin and Beydoun, 2007; Norgan, 1994) . They may be expected to vary from one population to another when these differ in typical body build, whether through nutrition, lifestyle or genetics. Mean values of BMI0 should therefore be helpful in interpreting actual BMIs. Populations differing significantly in mean BMI0 should be compared in regard to BMI by utilizing the ratio BMI/BMI0 or its reciprocal, rather than differences (BMI  BMI0). Thus the relationship between percentage body fat and BMI may be derived from Eq. (2) as follows:
A concept related to BMI0 is that of 'basal BMI', which is the (average) BMI of young adults in extremely poor rural households with few assets and where little excess body 18 mass is accumulated (Hruschka et al., 2014) . That has proved to be a useful concept in exploring ethnic differences and the influence of wealth through nutrition (Hruschka et al., 2014) .
Conclusions
This paper is mainly about using regression analysis to estimate two conceptually distinct parameters relating to population samples, namely the mean of KF, i.e. the value of ΔFFM/ΔFM when the influence of height is excluded, and the mean of BMI0, the BMI of hypothetical fat-free individuals. Past regression methods of relating FFM, FM and height in these terms have mostly been theoretically invalid. The new method is sounder and accords with simple Monte Carlo modeling.
The new method is based on the assumption that the relationship between FFM and FM can be treated as linear, rather than as semi-logarithmic as is sometimes assumed. It is therefore important that new evidence for linearity has been obtained. Another finding relevant to the assessment of past regression results is that FM can be more closely correlated with height than has been reported previously.
The two parameters KF and BMI0 have been estimated for non-Hispanic European Americans, non-Hispanic African Americans and Mexican Americans, all aged 20-50 years.
Mean KF, as {KF}*, was estimated for these as 0.42 to 0.56. Much of the published evidence indicates that KF tends to be higher in men than in women, but this is not a clear general rule..
In the case of the non-Hispanic European and African Americans KF is indeed higher for the men than for the women, but that is not true of the Mexican Americans.
In their review, Heymsfield et al. (2014) have commented that the widely cited 'Quarter FFM rule' or 'Forbes' Rule', that weight loss composition consists of one fourth fatfree mass is "at best an approximation" and depends on a variety of circumstances 'One fourth' corresponds to KF = 0.33, which matches some estimates, but is too low as a rule of thumb for the NHANES samples of Table 1 . As expected, {BMI0}* was found to be lower in the women (11.8-12.6 kg/m 2 ) than in the men (15.7-16.5 kg/m 2 ).
This new regression method can be easily applied to existing and future data sets, providing information on possible differences amongst populations worldwide.
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APPENDIX
The Monte Carlo model
Described here are details of the modeling procedure, in which data are mostly generated from random numbers according to defined rules. The general statistical properties of the model do not depend on close realism, but Constructing Model A involved the following four steps.
Step 1. The first step was to prepare a plausible data set for height and FFMH in a Mean BMI0 is 15.93 + SD 1.77 kg/m 2 .
Step 2. Alongside the paired values of height and FFMH were tabulated two sets of normally distributed random numbers, Rand1 and Rand2, each with a mean of 1.0. Their role was to contribute scatter to the model data set as described below. Their SDs were chosen by trial and error to produce realistic results or else varied arbitrarily to explore properties of the 25 model. The particular set of realistic results shown in Table 1 European-American men (the skewness for Model A being 0.9 and that for those real data being 1.4).
The sets of 'random' numbers, generated in Excel, are in fact pseudorandom and vary with the chosen 'seed'.
Step 3. The process so far produced individual values of height and FM, but not of FFM.
Two parameters remain to be specified, namely the chosen mean value of KF and its chosen Step 4. The resulting artificial data set was analysed statistically like the real ones (see 
